ABSTRACT. Contour integral and distributional orthogonality of sieved ultraspherical polynomials are established for values of the parameters outside the natural range of orthogonality by positive measures on the real line. A general representation theorem for moment funetionals is included.
INTRODUCTION AND PRELIMINARIES.
A (normalized) moment functional L; (Ahkiezer [1] , Chihara [91, Shohat and Tamarkin [171, Stone [18] ) is a complex linear map of the space C [z] of complex polynomials into the field (2 of complex numbers such that/2(1) 1. A sequence {Pn(x) n k 0} of polynomials in C [x] with Pn(x) of degree n and Po(x) 1 is orthogonal with respect to if (I.I) with Ao 1; An =/=0, n >0.
(1.2)
The functional 1; is also called an orthogonality functional for {Pn(X)}. It is well known (Chihara [9] , Chaps. I, II) that {Pn(X)} is orthogonal with respect to if and only if there are numbers An, Bn, C, such that A,.,Cn+ =/= 0, n 2 0, ( with P_ (.,') (). P,(.r) 1. Flu'th(, rm, , rc. {P,,(.r) (h'tcrmines lmiqwly t,y
(1)--1" (P,,(.r))={}. ,_> 1, (1.5) an(l the Ielati(mship holds.
The functional can be represented by means of a 1))sitivc measu'c/ Sllrt,l 1)v the real line, i.e., (P(z)) P(z)d#(x),
(1 
( 
The distributions T0 and T02 have compact support on the real line and can act on polynomials.
We will show in this work that representation /c ,x( )dz (1.22) o(P(x)) P(z)X z of 0 can be "lifted" to contour integral representations of the orthogonMity functionals and 2 of the sieved ultraspherical polynomials of the first and second kinds. Then, from such representations, we will derive distributional representations of and 2 The monic sieved ultraspherical polynomials of the first kind, {p(x)}, and of the second kind, {q(x)}, satisfy the blocks of recurrence relations xy,,k+j=y,,k+++a)ynk+_, n>_O, j=O, 1,2,...,k-1, [8] . while ('harris anal Ismail [6] . Ismail In closing this section we observe that since B,, 0 flr all n 0 in (1.11), then C(-x) (-1)"C2(z). ,t 0.
( 1.23) It is c,mvenicnt to assume that C (x) 0. Now let C z n 0.
(
Then {C,(x'I)} is a system of polynomials (Chihara [9] PROOf. Because of the unifo convergence to X(z) of (1.10), we may assume that the zeros of a the P(x)'s e interior to C. From the general theory of continued fractions (Askey and IsmN1 [a], Chihara [9] , Wall [20] )it follows that X(z) lim P(z) zl > M, (2.2) ()' where {P2(z) is the system of polynomials determined by (1.4) for n 1 and P(z) O, P(z) 1/Ao. Induction on (1.4) readily shows that where A, is given by (1.6). Relati,,n (2.3)is kn(,wn as Abel's formula (Ahkiezer [11, Chihara [91) . [5] [6] [7] or Charris et M. [8] yield
for n :> 0,) 1,2 ,k. In particular, p,.,:(x) i,,(,x),,Cn
For z in C such that ITv,(z)-11 > 2, (1.12) and results in the above references, which were established for the positive definite case, i.e., when (1.8) holds, suggest that u_,(z)
is the limit of the continued fraction of {p,,(x)}. That this is so follows from Theorem 3 and from the next theorem. 
Now, from (2.15) and (2.19),
so that, in view of Lemma 1, the integral vanishes if j 1, 2,..., k 1. If j k it also vanishes, as it reduces to 2riL;0( ,x C,+I(z)). Noting that k-j 1 < k for j 1,2,... ,k, we also have that [5---7] or Charris et al. [8] show that 1 +1 q,,k+j(.r) 2,k+ {U(z)C,, (T(x)) + U_j_(z).,,_l(Tk(.r))}, As before, we may assume that C is the lifting through T, of an ellipse -), in Iz-11 > 2 as in (2.17). We have (Q,,k+a(x)) I(n,j) + I(n 1, k j 2). Now, for n >_ 1 and 0 <: j _< k 2, we obtain, from (2.19) and (4. with ,,(x) as in (5.5) 
